
Numerical Optimizations
Recall the formulation and results that we had for iLQR, except now we are replacing the overall cost function with the augmented version:

𝐿஺ = 𝑙ே(𝑥ே) + 𝜆ே𝑐ே(𝑥ே) +
1

2
⎯⎯𝑐ே(𝑥ே)ୃ𝐼ఓ,ே𝑐ே(𝑥ே) + ෍ ቈ𝑙௞(𝑥௞, 𝑢௞) + 𝜆௞𝑐௞(𝑥௞, 𝑢௞) +

1

2
⎯⎯𝑐௞(𝑥௞, 𝑢௞)ୃ𝐼ఓ,௞𝑐௞(𝑥௞, 𝑢௞)቉

ேିଵ

௞ୀ଴

Observation: Constraints at final step do not depend on 𝑢

The cost-to-go and action value functions are now:

𝑉ே(𝑥ே)ቚ
஛,ఓ

= 𝐿ே(𝑥ே, 𝜆ே, 𝜇ே)

𝑉௞(𝑥௞)ቚ
஛,ఓ

= min
௨ೖ

ቊ𝐿௞(𝑥௞, 𝑢௞, 𝜆௞, 𝜇௞) + 𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞, Δ𝑡)൯ቚ
஛,ఓ

ቋ = min
௨ೖ

𝑄(𝑥௞, 𝑢௞)ቚ
஛,ఓ

Let us, again like in iLQR, make 𝑉௞(𝑥௞) a quadratic:

𝛿𝑉௞(𝑥௞) ≈
1

2
⎯⎯𝛿𝑥௞

ୃ𝑃௞𝛿𝑥௞ + 𝑝௞
ୃ𝛿𝑥௞

Terminal Gradient 𝑝ே

𝑝ே =
𝜕𝑉ே

𝜕𝑥
⎯⎯⎯⎯

𝑝ே =
𝜕𝑙ሚ௙(𝑥ே)

𝜕𝑥
⎯⎯⎯⎯⎯⎯⎯

𝑝ே =
𝜕𝑙௙(𝑥ே)

𝜕𝑥
⎯⎯⎯⎯⎯⎯⎯+

𝜕𝑐(𝑥ே)

𝜕𝑥
⎯⎯⎯⎯⎯⎯

ୃ

𝜆 +
𝜕𝑐(𝑥ே)

𝜕𝑥
⎯⎯⎯⎯⎯⎯

ୃ

𝐼ஜ,ே𝑐(𝑥ே)

Terminal Hessian 𝑃ே

Consider the terminal Hessian 𝑃ே, defined as

𝑃ே =
𝜕ଶ𝑉ே

𝜕𝑥ଶ⎯⎯⎯⎯⎯

𝑃ே =
𝜕ଶ𝑙ሚ௙(𝑥ே)

𝜕𝑥ଶ⎯⎯⎯⎯⎯⎯⎯⎯

𝑃ே =
𝜕ଶ𝑙௙(𝑥ே)

𝜕𝑥ଶ⎯⎯⎯⎯⎯⎯⎯⎯+
𝜕𝑐(𝑥ே)

𝜕𝑥
⎯⎯⎯⎯⎯⎯

ୃ

𝐼ఓ,ே

𝜕𝑐(𝑥ே)

𝜕𝑥
⎯⎯⎯⎯⎯⎯

Action-Value Taylor Expansion

𝑄(𝑥௞, 𝑢௞) = 𝐿௞(𝑥௞, 𝑢௞, 𝜆௞, 𝜇௞) + 𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞, Δ𝑡)൯ቚ
஛,ఓ

𝑙௞(𝑥௞, 𝑢௞) Taylor Expansion
This remains virtually unchanged from iLQR.

𝛿𝑙௞(𝑥௞, 𝑢௞) ≈
𝜕𝑙

𝜕𝑥௞
⎯⎯⎯ 𝛿𝑥௞ +

𝜕𝑙

𝜕𝑢௞
⎯⎯⎯ 𝛿𝑢௞ +

1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡ 𝜕ଶ𝑙

𝜕𝑥௞
ଶ⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑥௞𝜕𝑢௞
⎯⎯⎯⎯⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑢௞𝜕𝑥௞
⎯⎯⎯⎯⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑢௞
ଶ⎯⎯⎯

⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨

𝜆௞𝑐௞(𝑥௞, 𝑢௞) +
ଵ

ଶ
⎯𝑐௞(𝑥௞, 𝑢௞)ୃ𝐼ఓ,௞𝑐௞(𝑥௞, 𝑢௞) Taylor Expansion

This is a brand new term that we get attached to the 𝑙௞(𝑥௞, 𝑢௞).

𝛿(… ) ≈
𝜕(… )

𝜕𝑥௞
⎯⎯⎯⎯⎯𝛿𝑥௞ +

𝜕(… )

𝜕𝑢௞
⎯⎯⎯⎯⎯𝛿𝑢௞ +

1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡ 𝜕ଶ(… )

𝜕𝑥௞
ଶ⎯⎯⎯⎯⎯⎯

𝜕ଶ(… )

𝜕𝑥௞𝜕𝑢௞
⎯⎯⎯⎯⎯⎯⎯

𝜕ଶ(… )

𝜕𝑢௞𝜕𝑥௞
⎯⎯⎯⎯⎯⎯⎯

𝜕ଶ(… )

𝜕𝑢௞
ଶ⎯⎯⎯⎯⎯⎯

⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨

𝛿(… ) ≈ 𝜆௞

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯ 𝛿𝑥௞ +

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯ 𝐼ఓ,௞𝑐௞𝛿𝑥௞ + 𝜆௞

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯ 𝛿𝑥௞ +

𝜕𝑐௞

𝜕𝑢
⎯⎯⎯𝐼ఓ,௞𝑐௞𝛿𝑢௞ +

1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨

𝑉௞ାଵ(𝑓(𝑥௞, 𝑢௞, Δ𝑡)) Taylor Expansion
This remains virtually unchanged from iLQR, with the exception that the additional AL terms are now included in the cost function. 

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈
𝜕𝑉௞ାଵ

𝜕𝑥
⎯⎯⎯⎯⎯ቤ

௫ೖశభ

ୃ

𝛿𝑥௞ାଵ +
1

2
⎯⎯𝛿𝑥௞ାଵ

ୃ  
𝜕ଶ𝑉௞ାଵ

𝜕𝑥ଶ
⎯⎯⎯⎯⎯⎯อ

௫ೖశభ

𝛿𝑥௞ାଵ

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈ 𝑝௞ାଵ𝛿𝑥௞ାଵ +
1

2
⎯⎯𝛿𝑥௞ାଵ

ୃ 𝑃௞ାଵ𝛿𝑥௞ାଵ

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈ 𝑝௞ାଵ[𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞] +
1

2
⎯⎯[𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞]ୃ𝑃௞ାଵ[𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞]

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈ ቈ
𝐴௞

ୃ𝑝௞ାଵ

𝐵௞
ୃ𝑝௞ାଵ

቉

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨ +

1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

ቈ
𝐴௞

ୃ𝑃௞ାଵ𝐴௞ 𝐴௞
ୃ𝑃௞ାଵ𝐵௞

𝐵௞
ୃ𝑃௞ାଵ𝐴௞ 𝐵௞

ୃ𝑃௞ାଵ𝐵௞

቉ ൤
𝛿𝑥௞

𝛿𝑢௞
൨

Combining all Results

𝛿𝑄௞ =
1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡ 𝜕ଶ𝑙

𝜕𝑥௞
ଶ⎯⎯⎯ + 𝐴௞

ୃ𝑃௞ାଵ𝐴௞ +
𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑥௞𝜕𝑢௞
⎯⎯⎯⎯⎯⎯⎯+ 𝐴௞

ୃ𝑃௞ାଵ𝐵௞ +
𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑢௞𝜕𝑥௞
⎯⎯⎯⎯⎯⎯⎯+ 𝐵௞

ୃ𝑃௞ାଵ𝐴௞ +
𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑢௞
ଶ⎯⎯⎯ + 𝐵௞

ୃ𝑃௞ାଵ𝐵௞ +
𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

ୃ

𝐼ఓ,௞

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯

⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨ +

⎣
⎢
⎢
⎢
⎡

𝜕𝑙

𝜕𝑥௞
⎯⎯⎯ + 𝐴௞

ୃ𝑝௞ାଵ + 𝜆௞

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯ +

𝜕𝑐௞

𝜕𝑥௞
⎯⎯⎯ 𝐼ఓ,௞𝑐௞

𝜕𝑙

𝜕𝑢௞
⎯⎯⎯ + 𝐵௞

ୃ𝑝௞ାଵ + 𝜆௞

𝜕𝑐௞

𝜕𝑢௞
⎯⎯⎯ +

𝜕𝑐௞

𝜕𝑢
⎯⎯⎯𝐼ఓ,௞𝑐௞

⎦
⎥
⎥
⎥
⎤

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨

𝛿𝑄௞ =
1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

൤
𝑄௫௫ 𝑄௫௨

𝑄௨௫ 𝑄௨௨
൨ ൤

𝛿𝑥௞

𝛿𝑢௞
൨ + ൤

𝑄௫

𝑄௨
൨

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨

Optimal Adjustment Control
𝜕𝛿𝑄௞

𝜕𝛿𝑢௞
⎯⎯⎯⎯⎯= 𝑄௨ + 𝑄௨௫𝛿𝑥 + 𝑄௨௨𝛿𝑢 = 0

𝛿𝑢௞ = −𝑄௨௨
ିଵ(𝑄௨௫𝛿𝑥௞ + 𝑄௨)

Adding regularization and rewriting as feedback law:
𝛿𝑢௞ = −(𝑄௨௨ + 𝜌𝐼)ିଵ(𝑄௨௫𝛿𝑥௞ + 𝑄௨)
𝛿𝑢௞ = 𝐾௞𝛿𝑥௞ + 𝑑௞

Closed-Form Expression
Finally, inserting the control law into 𝛿𝑄௞ yields:

𝛿𝑄௞ =  
1

2
⎯⎯൤

𝛿𝑥௞

𝐾௞𝛿𝑥௞ + 𝑑௞
൨

ୃ

൤
𝑄௫௫ 𝑄௫௨

𝑄௨௫ 𝑄௨௨
൨ ൤

𝛿𝑥௞

𝐾௞𝛿𝑥௞ + 𝑑௞
൨ + ൤

𝑄௫

𝑄௨
൨

ୃ

൤
𝛿𝑥௞

𝐾௞𝛿𝑥௞ + 𝑑௞
൨

𝛿𝑄௞ =
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௫𝛿𝑥௞ + 𝛿𝑥௞
ୃ𝑄௫௨(𝐾௞𝛿𝑥௞ + 𝑑௞) + (𝐾௞𝛿𝑥௞ + 𝑑௞)ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞ + 𝑑௞)ୃ𝑄௨௨(𝐾௞𝛿𝑥௞ + 𝑑௞)൧ + 𝑄௫

ୃ𝛿𝑥௞ + 𝑄௨
ୃ(𝐾௞𝛿𝑥௞ + 𝑑௞)

𝛿𝑄௞ = 𝑄௨
ୃ𝑑௞ +

1

2
⎯⎯𝑑௞

ୃ𝑄௨௨𝑑௞ + 𝑄௫
ୃ𝛿𝑥௞ + 𝑄௨

ୃ(𝐾௞𝛿𝑥௞) +
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௨𝑑௞ + 𝑑௞
ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௨𝑑௞ + 𝑑௞

ୃ𝑄௨௨(𝐾௞𝛿𝑥௞)൧ +
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௫𝛿𝑥௞ + 𝛿𝑥௞
ୃ𝑄௫௨(𝐾௞𝛿𝑥௞) + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௨(𝐾௞𝛿𝑥௞)൧

Two astute observations. First of all, since we solved for 𝛿𝑉௞ = minఋ௨ೖ
𝛿𝑄௞, we effectively have:

𝛿𝑉௞ = 𝑄௨
ୃ𝑑௞ +

1

2
⎯⎯𝑑௞

ୃ𝑄௨௨𝑑௞ + 𝑄௫
ୃ𝛿𝑥௞ + 𝑄௨

ୃ(𝐾௞𝛿𝑥௞) + 𝑑௞
ୃ𝑄௨௨𝐾௞𝛿𝑥௞ + 𝑑௞

ୃ𝑄௨௫𝛿𝑥௞ +
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௫𝛿𝑥௞ + 𝛿𝑥௞
ୃ𝑄௫௨(𝐾௞𝛿𝑥௞) + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௨(𝐾௞𝛿𝑥௞)൧

Finally we have:

𝛿𝑉௞ = Δ𝑉௞ + 𝑝௞
ୃ𝛿𝑥௞ +

1

2
⎯⎯𝛿𝑥௞

ୃ𝑃௞𝛿𝑥௞

Δ𝑉௞ = 𝑄௨
ୃ𝑑௞ +

1

2
⎯⎯𝑑௞

ୃ𝑄௨௨𝑑௞

𝑝௞ = 𝑄௫ + 𝐾௞
ୃ𝑄௨௨𝑑௞ + 𝐾௞

ୃ𝑄௨ + 𝑄௫௨𝑑௞

𝑃௞ = 𝑄௫௫ + 𝐾௞
ୃ𝑄௨௨𝐾௞ + 𝐾௞

ୃ𝑄௨௫ + 𝑄௫௨𝐾௞

Basically, we are using Bellman's Optimality Principle to go backwards from the final step to the first step. Ideally, we want to find a closed-form solution for this. 

We start by expressing the cost at timestep k+1 as a quadratic. Next, we want to find the action-value at k, which depends on the cost at k+1. We do this by making everything a second-order quadratic, and removing the dependence on u_k by setting the first derivative to 0. 

As it turns out, this does two things: 
- It fulfills cost = min_u action-value, meaning that our result with inserted feedback law is now the cost and not just the action-value 

Augmented Lagrangian Iterative LQR
Thursday, 5 February 2026 17:59

   Planner US Page 1    



- It fulfills cost = min_u action-value, meaning that our result with inserted feedback law is now the cost and not just the action-value 
- The resulting cost is also quadratic. It has a constant term, but for optimization, any derivative removes this, so the results carry over
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