
Consider the following discrete finite-horizon cost function. 

𝐽(𝑋, 𝑈) = 𝑙௙(𝑥ே) + ෍ 𝑙(𝑥௞, 𝑢௞)

ேିଵ

௞ୀ଴

s.t. 𝑥௞ାଵ = 𝑓௞(𝑥௞, 𝑢௞)

Backward Pass Algorithm
Shorten the trajectory to just the last timestep. Then:
𝑉ே(𝑥ே) = 𝑙௙(𝑥ே)

Now, consider the short trajectory with the final timestep and the one prior. 
𝑉ேିଵ = min

௨ಿషభ

{𝑙(𝑥ேିଵ, 𝑢ேିଵ) + 𝑉ே(𝑥ே)}

𝑉ேିଵ = min
௨ಿషభ

{𝑙(𝑥ேିଵ, 𝑢ேିଵ) + 𝑉ே(𝑓(𝑥ேିଵ, 𝑢ேିଵ))}

… since 𝑥ே is now dependent on choice of 𝑢ேିଵ.

We can generalize this into:
𝑉௞(𝑥௞) = min

௨ೖ

{𝑙(𝑥௞, 𝑢௞) + 𝑉௞ାଵ(𝑓(𝑥௞, 𝑢௞))}

Why do we just optimize over 𝑢௞? This is because 𝑉௞ାଵ is already optimal, and the overall trajectory remains optimal by Bellman's Optimality Principle. 

𝑉௞(𝑥௞) = min
௨ೖ

𝑄௞ (𝑥௞, 𝑢௞)

Linearization
Consider the linearized dynamics of 𝑥௞ାଵ = 𝑓௞(𝑥௞, 𝑢௞), namely:
𝛿𝑥௞ାଵ ≈ 𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞

Stage Cost
Let us linearize about the stage cost: 

𝛿𝑙(𝑥௞, 𝑢௞) ≈
𝜕𝑙

𝜕𝑥௞
⎯⎯⎯ 𝛿𝑥௞ +

𝜕𝑙

𝜕𝑢௞
⎯⎯⎯ 𝛿𝑢௞ +

1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡ 𝜕ଶ𝑙

𝜕𝑥௞
ଶ⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑥௞𝜕𝑢௞
⎯⎯⎯⎯⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑢௞𝜕𝑥௞
⎯⎯⎯⎯⎯⎯⎯

𝜕ଶ𝑙

𝜕𝑢௞
ଶ⎯⎯⎯

⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨

Future Cost
Let us linearize about 𝑉௞ାଵ(𝑓(𝑥௞, 𝑢௞)):

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈
𝜕𝑉௞ାଵ

𝜕𝑥
⎯⎯⎯⎯⎯ቤ

௫ೖశభ

ୃ

𝛿𝑥௞ାଵ +
1

2
⎯⎯𝛿𝑥௞ାଵ

ୃ  
𝜕ଶ𝑉௞ାଵ

𝜕𝑥ଶ⎯⎯⎯⎯⎯⎯อ

௫ೖశభ

𝛿𝑥௞ାଵ

We define 𝑝௞ାଵ =
డ௏ೖశభ

డ௫
⎯⎯⎯⎯⎯ቚ

௫ೖశభ

 
and 𝑃௞ାଵ =

డమ௏ೖశభ

డ௫మ⎯⎯⎯⎯⎯ฬ
௫ೖశభ

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈ 𝑝௞ାଵ𝛿𝑥௞ାଵ +
1

2
⎯⎯𝛿𝑥௞ାଵ

ୃ  𝑃௞ାଵ𝛿𝑥௞ାଵ

Finally, we realize that we are not looking for an expression in terms of 𝛿௫ାଵ, but rather in terms of 𝛿௫ and 𝛿௨. Therefore, we use  𝛿𝑥௞ାଵ ≈ 𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞ to write:

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈ 𝑝௞ାଵ[𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞] +
1

2
⎯⎯[𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞]ୃ𝑃௞ାଵ[𝐴௞𝛿𝑥௞ + 𝐵௞𝛿𝑢௞]

𝛿𝑉௞ାଵ൫𝑓(𝑥௞, 𝑢௞)൯ ≈ ቈ
𝐴௞

ୃ𝑝௞ାଵ

𝐵௞
ୃ𝑝௞ାଵ

቉

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨ +

1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

ቈ
𝐴௞

ୃ𝑃௞ାଵ𝐴௞ 𝐴௞
ୃ𝑃௞ାଵ𝐵௞

𝐵௞
ୃ𝑃௞ାଵ𝐴௞ 𝐵௞

ୃ𝑃௞ାଵ𝐵௞

቉ ൤
𝛿𝑥௞

𝛿𝑢௞
൨

Action-Value Function
Putting it together, we get:

𝛿𝑄௞ =
1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡ 𝜕ଶ𝑙

𝜕𝑥௞
ଶ⎯⎯⎯ + 𝐴௞

ୃ𝑃௞ାଵ𝐴௞

𝜕ଶ𝑙

𝜕𝑥௞𝜕𝑢௞
⎯⎯⎯⎯⎯⎯⎯+ 𝐴௞

ୃ𝑃௞ାଵ𝐵௞

𝜕ଶ𝑙

𝜕𝑢௞𝜕𝑥௞
⎯⎯⎯⎯⎯⎯⎯+ 𝐵௞

ୃ𝑃௞ାଵ𝐴௞

𝜕ଶ𝑙

𝜕𝑢௞
ଶ⎯⎯⎯ + 𝐵௞

ୃ𝑃௞ାଵ𝐵௞
⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨ +

⎣
⎢
⎢
⎢
⎡

𝜕𝑙

𝜕𝑥௞
⎯⎯⎯ + 𝐴௞

ୃ𝑝௞ାଵ

𝜕𝑙

𝜕𝑢௞
⎯⎯⎯ + 𝐵௞

ୃ𝑝௞ାଵ
⎦
⎥
⎥
⎥
⎤

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨

𝛿𝑄௞ =
1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

൤
𝑄௫௫ 𝑄௫௨

𝑄௨௫ 𝑄௨௨
൨ ൤

𝛿𝑥௞

𝛿𝑢௞
൨ + ൤

𝑄௫

𝑄௨
൨

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨

Finding Minimum
𝜕𝛿𝑄௞

𝜕𝛿𝑢௞
⎯⎯⎯⎯⎯= 𝑄௨ + 𝑄௨௫𝛿𝑥 + 𝑄௨௨𝛿𝑢 = 0

𝛿𝑢௞ = −𝑄௨௨
ିଵ(𝑄௨௫𝛿𝑥௞ + 𝑄௨)

Adding regularization and rewriting as feedback law:
𝛿𝑢௞ = −(𝑄௨௨ + 𝜌𝐼)ିଵ(𝑄௨௫𝛿𝑥௞ + 𝑄௨)
𝛿𝑢௞ = 𝐾௞𝛿𝑥௞ + 𝑑௞

We found the optimal control for the local quadratic model. Plugging it into 𝛿𝑄௞:

𝛿𝑄௞ =  
1

2
⎯⎯൤

𝛿𝑥௞

𝐾௞𝛿𝑥௞ + 𝑑௞
൨

ୃ

൤
𝑄௫௫ 𝑄௫௨

𝑄௨௫ 𝑄௨௨
൨ ൤

𝛿𝑥௞

𝐾௞𝛿𝑥௞ + 𝑑௞
൨ + ൤

𝑄௫

𝑄௨
൨

ୃ

൤
𝛿𝑥௞

𝐾௞𝛿𝑥௞ + 𝑑௞
൨

𝛿𝑄௞ =
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௫𝛿𝑥௞ + 𝛿𝑥௞
ୃ𝑄௫௨(𝐾௞𝛿𝑥௞ + 𝑑௞) + (𝐾௞𝛿𝑥௞ + 𝑑௞)ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞ + 𝑑௞)ୃ𝑄௨௨(𝐾௞𝛿𝑥௞ + 𝑑௞)൧ + 𝑄௫

ୃ𝛿𝑥௞ + 𝑄௨
ୃ(𝐾௞𝛿𝑥௞ + 𝑑௞)

𝛿𝑄௞ = 𝑄௨
ୃ𝑑௞ +

1

2
⎯⎯𝑑௞

ୃ𝑄௨௨𝑑௞ + 𝑄௫
ୃ𝛿𝑥௞ + 𝑄௨

ୃ(𝐾௞𝛿𝑥௞) +
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௨𝑑௞ + 𝑑௞
ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௨𝑑௞ + 𝑑௞

ୃ𝑄௨௨(𝐾௞𝛿𝑥௞)൧ +
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௫𝛿𝑥௞ + 𝛿𝑥௞
ୃ𝑄௫௨(𝐾௞𝛿𝑥௞) + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௨(𝐾௞𝛿𝑥௞)൧

Two astute observations. First of all, since we solved for 𝛿𝑉௞ = minఋ௨ೖ
𝛿𝑄௞, we effectively have:

𝛿𝑉௞ = 𝑄௨
ୃ𝑑௞ +

1

2
⎯⎯𝑑௞

ୃ𝑄௨௨𝑑௞ + 𝑄௫
ୃ𝛿𝑥௞ + 𝑄௨

ୃ(𝐾௞𝛿𝑥௞) + 𝑑௞
ୃ𝑄௨௨𝐾௞𝛿𝑥௞ + 𝑑௞

ୃ𝑄௨௫𝛿𝑥௞ +
1

2
⎯⎯ൣ𝛿𝑥௞

ୃ𝑄௫௫𝛿𝑥௞ + 𝛿𝑥௞
ୃ𝑄௫௨(𝐾௞𝛿𝑥௞) + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௫𝛿𝑥௞ + (𝐾௞𝛿𝑥௞)ୃ𝑄௨௨(𝐾௞𝛿𝑥௞)൧

Secondly, we notice that this has a very similar form to the quadratic we defined: 𝛿𝑉௞ାଵ = 𝑝௞ାଵ
ୃ 𝛿𝑥௞ାଵ +

ଵ

ଶ
⎯𝛿𝑥௞ାଵ

ୃ 𝑃௞ାଵ𝛿𝑥௞ାଵ, except that this is for timestep 𝑘

INJUNCTION: Recall that we solving a combined optimization problem for both 𝑥 and 𝑢. What we found is a solution that depends on both 𝑥 and 𝑢, specifically via a feedback control law. The feed-forward term of this feedback control 

law manifests itself in the cost as a constant Δ𝑉௞ = 𝑄௨
ୃ𝑑௞ +

ଵ

ଶ
⎯𝑑௞

ୃ𝑄௨௨𝑑௞

Finally we have:

𝛿𝑉௞ = Δ𝑉௞ + 𝑝௞
ୃ𝛿𝑥௞ +

1

2
⎯⎯𝛿𝑥௞

ୃ𝑃௞𝛿𝑥௞

Δ𝑉௞ = 𝑄௨
ୃ𝑑௞ +

1

2
⎯⎯𝑑௞

ୃ𝑄௨௨𝑑௞

𝑝௞ = 𝑄௫ + 𝐾௞
ୃ𝑄௨௨𝑑௞ + 𝐾௞

ୃ𝑄௨ + 𝑄௫௨𝑑௞

𝑃௞ = 𝑄௫௫ + 𝐾௞
ୃ𝑄௨௨𝐾௞ + 𝐾௞

ୃ𝑄௨௫ + 𝑄௫௨𝐾௞

Iterative LQR
Repeatedly update trajectories. 

Iterative LQR

Iterative LQR
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Iterative LQR
Start with a guess for 𝑋, 𝑈 (random noise, Bdot)

Evaluate 𝐽 = 𝑙௙(𝑥ே) + ∑ 𝑙(𝑥௞, 𝑢௞)ேିଵ
௞ୀ଴

while ห𝐽 − 𝐽௣௥௘௩ห > 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒

𝐽௣௥௘௩ = 𝐽

𝐾, 𝑑, Δ𝑉 ← 𝑩𝒂𝒄𝒌𝒘𝒂𝒓𝒅𝑷𝒂𝒔𝒔(𝑋, 𝑈)

𝑋, 𝑈, 𝐽 ← 𝑭𝒐𝒓𝒘𝒂𝒓𝒅𝑷𝒂𝒔𝒔൫𝑋, 𝑈, 𝐾, 𝑑, Δ𝑉, 𝐽௣௥௘௩൯

𝑟𝑒𝑡𝑢𝑟𝑛 𝑋, 𝑈, 𝐽

Backward Pass

𝑝ே =
𝜕𝑙௙

𝜕𝑥
⎯⎯⎯, 𝑃ே =

𝜕ଶ𝑙௙

𝜕𝑥ଶ
⎯⎯⎯⎯

for 𝑘 = 𝑁 − 1: −1: 0 (Bellman's Optimality Principle)

𝛿𝑄௞ =
1

2
⎯⎯൤

𝛿𝑥௞

𝛿𝑢௞
൨

ୃ

⎣
⎢
⎢
⎢
⎡ 𝜕ଶ𝑙

𝜕𝑥௞
ଶ⎯⎯⎯ + 𝐴௞

ୃ𝑃௞ାଵ𝐴௞

𝜕ଶ𝑙

𝜕𝑥௞𝜕𝑢௞
⎯⎯⎯⎯⎯⎯⎯+ 𝐴௞

ୃ𝑃௞ାଵ𝐵௞

𝜕ଶ𝑙

𝜕𝑢௞𝜕𝑥௞
⎯⎯⎯⎯⎯⎯⎯+ 𝐵௞

ୃ𝑃௞ାଵ𝐴௞

𝜕ଶ𝑙

𝜕𝑢௞
ଶ⎯⎯⎯ + 𝐵௞

ୃ𝑃௞ାଵ𝐵௞
⎦
⎥
⎥
⎥
⎤

൤
𝛿𝑥௞

𝛿𝑢௞
൨ +

⎣
⎢
⎢
⎢
⎡

𝜕𝑙

𝜕𝑥௞
⎯⎯⎯ + 𝐴௞

ୃ𝑝௞ାଵ

𝜕𝑙

𝜕𝑢௞
⎯⎯⎯ + 𝐵௞

ୃ𝑝௞ାଵ
⎦
⎥
⎥
⎥
⎤

ୃ

൤
𝛿𝑥௞

𝛿𝑢௞
൨

if 𝑄௨௨ invertible:
𝛿𝑢௞ = −(𝑄௨௨ + 𝜌𝐼)ିଵ(𝑄௨௫𝛿𝑥௞ + 𝑄௨)

else:
𝜌 ↑ and try again

return sequence of 𝐾, 𝑑, Δ𝑉 for every timestep

Forward Pass
𝛼 = 1
𝑓𝑜𝑟 𝑘 = 0: 1: 𝑁 − 1

𝑢ത௞ = 𝑢௞ + 𝐾௞(𝑥̅௞ − 𝑥௞) + 𝛼𝑑௞

𝑥̅௞ାଵ = 𝑓(𝑥̅௞, 𝑢ത௞)

𝐽 = 𝑙௙(𝑥ே) + ෍ 𝑙(𝑥̅௞, 𝑢ത௞)

ேିଵ

௞ୀ଴

If 𝐽 has actually decreased (line search condition), return. Else, decrease 𝛼 and try again
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