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Abstract

Small satellites commonly employ either magnetorquers alone or a full reaction-wheel set for attitude control, leaving
intermediate actuator architectures comparatively unexplored. This paper investigates one such architecture, the “3+1”
architecture, consisting of three orthogonal magnetorquers and a single variable-speed reaction wheel. We ask how much
capability of a conventional three-wheel system can be recovered with only one wheel. Geometric analysis shows that the
additional wheel substantially expands the instantaneous control authority of the magnetorquer system: in most attitudes, the
combined actuators can generate three-axis torque while the wheel contributes to disturbance rejection. The 3+0, 3+1, and
343 architectures are compared in disturbance-inclusive 6U simulations using both vector and quaternion attitude objectives.
Across the disturbance-inclusive 6U simulations, median final attitude errors ranged from 79°-131° for 3+0, 0.51°-0.74°
for 3+1, and 0.47°-0.61° for 343, demonstrating that one reaction wheel recovers most of the full configuration’s nominal
pointing performance. First-order sizing studies relate actuator authority to disturbance-rejection and momentum-management
requirements, providing practical design guidance for the 3+1 architecture. The principal limitation of 3+1 is not nominal
pointing authority but momentum management. We compare discrete pointing/desaturation mode switching, continuous
pointing-and-unloading co-allocation, and a finite-horizon planner that exploits predicted magnetic geometry to jointly manage
attitude error, wheel momentum, and actuator constraints. These approaches expose a trade between pointing accuracy,
pointing availability, momentum regulation, and onboard compute requirements. The results show that the progression from
340 to 343 is strongly nonlinear: under the conditions studied, a single reaction wheel moves system performance much closer
to 3+3 than to 3+0, making 3+1 a potentially attractive SWaP-C architecture for missions whose pointing requirements are

compatible with active momentum management.

1. Introduction

Small satellite attitude control is normally achieved one
of two ways: magnetorquers only or a full set of reaction
wheels. A triad of orthogonal magnetorquers (MTQs) is
lightweight and has no moving mechanisms, but can only
produce torque perpendicular to the local magnetic field.
Three or more reaction wheels (RWs) provide fast, pre-
cise three-axis control, while adding precision mechanisms
and stored momentum that must be unloaded. Between
these choices is a system with three magnetorquers and one
variable-speed reaction wheel, written 3+1 here.

We evaluate 3+1 as a primary attitude-control architec-
ture and ask what pointing capabilities it can provide and
what ultimately limits its performance. Adding a single re-
action wheel to three magnetorquers substantially expands
the available torque directions, providing instantaneous

three-axis authority over much of the operating geome-
try. This capability comes with a corresponding challenge:
the wheel has finite momentum capacity and must even-
tually be unloaded, potentially interrupting or degrading
pointing. This paper therefore examines both sides of the
3+1 architecture: the pointing capability recovered by the
first reaction wheel and the mission-level penalty associated
with managing its momentum.

1.1 Magnetorquers and Reaction Wheels

Magnetorquers are electromagnets that generate control
torque by interacting with an external magnetic field. They
are lightweight, inexpensive, power-efficient, and contain
no moving parts, making them particularly attractive for
small satellites in low Earth orbit [1, 2]. A set of three
orthogonal magnetorquers can generate a bounded magnetic
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Figure 1: Time-varying torque authority of the conventional
actuator architectures: (a) three magnetorquers and (b) three
reaction wheels.

dipole m € R>. The resulting control torque is
T =mXB, (1)

where B € R3 is the local geomagnetic field. The cross
product constrains the instantaneous torque to a plane per-
pendicular to B, giving only two-dimensional instantaneous
torque authority. As the spacecraft progresses along its
orbit, however, the magnetic-field direction changes and
the available torque plane rotates with it, as illustrated in
Figure 1(a).

Reaction wheels generate control torque by accelerating
or decelerating a rotating mass, exchanging angular momen-
tum with the spacecraft. A conventional three-wheel set
provides direct three-axis torque authority within the torque
and momentum limits of the wheels, enabling rapid and
precise attitude control. Unlike magnetorquers, however,
reaction wheels do not exchange angular momentum with
the external environment during normal operation. Conse-
quently, sustained external disturbances cause momentum
to accumulate in the wheels until one approaches its maxi-
mum speed. This accumulated momentum must then be un-
loaded using an external actuator, typically magnetorquers
or thrusters. Figure 1(b) illustrates the three-dimensional
reaction-wheel torque envelope.

1.2 Hardware Choice

Relative to a 3+3 bus, 3+1 removes two reaction wheels
and retains the same magnetorquers. Table 1 gives represen-
tative per-unit values from published catalog data [3]. At
this scale, removing two wheels saves roughly 0.3-0.4 kg
and up to tens of watts of combined peak demand. These
reductions in size, weight, power, and cost (SWaP-C) re-
peat across a constellation. It also removes the mounting,
balancing, jitter, thermal, acceptance, and lifetime analyses
required from those two wheels.

Table 1: Class-level figures for a 15 mN ms CubeSat re-
action wheel and a 0.6 A m?> magnetorquer rod, from pub-
lished catalog data for flight-heritage units [3]. Per unit.

Reaction wheel = Magnetorquer rod

Mass 145200 g ~40 g
Volume ~68 cm? ~18 cm?
Peak power upto 15 W ~0.45 W

Rotating hardware  rotor, bearings ~ none

1.3 Relation to prior work

Magnetorquer-only and reaction-wheel systems are both
supported by mature control methods. Magnetic con-
trol includes B-dot detumbling [4], periodic feedback
systems [5, 6], nonlinear and projected magnetic feed-
back laws [7], sliding-mode [8], and planning-based ap-
proaches [9]; see [1] for an overview.

Conventional reaction-wheel systems use direct three-
axis feedback control, while magnetorquers or other exter-
nal actuators are typically used for momentum unloading.
Established desaturation approaches include optimal mag-
netic unloading [10], control allocation that separates point-
ing and unloading objectives [11], continuous dumping
through wheel-set nullspaces [12], and combined globally
stabilizing laws [13].

One-wheel systems also have substantial flight heritage,
primarily in momentum-bias architectures. SNAP-1 used
a pitch-axis momentum wheel and three magnetic rods for
approximately 3° nadir pointing [14, 15], while CanX-2
flew the same actuator complement on a three-kilogram
nanosatellite [16]. In these systems, the wheel primarily
supplied stored angular momentum and gyroscopic stift-
ness, with the magnetorquers providing attitude correction
and momentum regulation. Following reaction-wheel fail-
ures, FUSE also operated for years using one remaining
wheel and magnetic torquer bars; the wheel controlled one
axis while the magnetic actuators controlled the remain-
ing axes, with science observations restricted to attitudes
compatible with the available control authority [17, 18].

Direct use of a single variable-speed wheel combined
with magnetorquers as a control actuator has received less
attention. Predictive-control studies of magnetically actu-
ated dual-spin spacecraft command a wheel about a nominal
bias momentum [19, 20], while related CubeSat work has
investigated fine pointing with one wheel and magnetic ac-
tuation under limited initial errors and disturbance models
[21, 22]. In contrast, this work considers 3+1 as a primary,
low-bias attitude-control architecture for general slew, ac-
quisition, and pointing tasks, with the wheel and magne-
torquers allocated jointly under actuator and momentum
constraints.
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1.4 Contributions

This work builds on generalized attitude-control [23], es-
timation [24], and trajectory-planning methods [25, 26]
previously developed by the authors. The methods are ap-
plied here to characterize 3+1 as an actuator architecture
rather than to develop a new architecture-specific control
law.

We first analyze how the addition of a single reaction
wheel to a magnetorquer triad changes the instantaneous
torque geometry relative to 3+0 and 3+3, and use this geom-
etry to predict the resulting slew, disturbance-rejection, and
momentum-unloading capabilities in Section 2. We then
test these predictions through closed-loop slew and pointing
simulations of the three architectures under common con-
ditions in Section 3. Analytical disturbance-rejection and
actuator-sizing relationships are developed to identify the
regimes in which 3+1 is practical are developed in Section 4.
Section 5 concerns itself with the principal operational lim-
itation of the 3+1 architecture, reaction-wheel momentum
management. We use two approaches for this problem: dis-
crete mode switching between pointing and desaturation,
and continuous co-allocation of pointing and unloading
objectives. We quantify the resulting trade between mo-
mentum regulation, pointing accuracy, and pointing avail-
ability. As a third approach, we evaluate in Section 6 a
feasibility-aware trajectory planner that uses knowledge of
future magnetic geometry to jointly manage pointing and
wheel momentum. Finally, representative mission-level
studies in Section 7 evaluate the resulting pointing perfor-
mance and operational availability of the 3+1 architecture.
The resulting architectural trade space and its implications
for small-satellite attitude control are discussed in Section 8.

2. Geometric Analysis
2.1 Achievable Torque Sets
Throughout this paper, all vectors and torques are expressed
in the spacecraft body frame.

Let n,, and n,, denote the number of magnetorquers and
reaction wheels, respectively. Their actuator-axis matrices
are defined as

ﬁm,nm] c R3X"m,
a 3Xny,
Ay, ] € RN,

where each column is an actuator axis.

For the magnetorquers, let u,, € R™ contain the com-
manded magnetic dipole of each actuator. The total mag-
netic dipole is

Am = [ﬁm,l

Aw = [ﬁw,l

m=A,u,,.
The resulting spacecraft torque is
Tpn=mxB= _[B]xAmuma @)

where B € R? is the local geomagnetic field and [-]x denotes
the skew-symmetric cross-product matrix.
Let the admissible magnetorquer command set be

%m:{umean |Hm Sumgﬁm}a
where the inequalities are applied elementwise. The instan-
taneous magnetorquer torque envelope is therefore

Im(B) = {—[B]x Aty | Wy € %n}.

For the reaction wheels, let u,, € R™ contain the com-
manded wheel torques. The corresponding torque applied
to the spacecraft is
_Awuw- (3)

With the admissible command set

Uy = {0, €R™ |u, <u, <1,},
the reaction-wheel torque envelope is
Iy ={-Ayu, |0, € %,}.

Because the torques produced by the two actuator classes
add, the instantaneous torque envelope of the combined
actuator architecture is the Minkowski sum

|7 (B) = 7,(B)& 7, @)

Thus, for any instantaneous magnetic-field vector, the
complete set of body torques available to the spacecraft is
obtained by adding every feasible magnetorquer torque to

every feasible reaction-wheel torque. Figure 2 visualizes
these sets for the 3+0, 3+1, and 3+3 architectures.

Ty =

2.2 Torque Generation

The dimensionality of the achievable torque set provides a
direct geometric measure of instantaneous torque authority.
For 3+0, 7 = .9, is confined to the plane perpendicular
to B and therefore has only two-dimensional instantaneous
torque authority, as shown in Figs. 2d and 2g. As the space-
craft progresses along its orbit, however, the direction of
B changes and the magnetic torque plane rotates. Conse-
quently, torque directions unavailable at one instant can
become available later.

Adding a single reaction wheel fundamentally changes
this geometry. The wheel contributes torque along its axis
a,,, such that the combined 3+1 torque set spans R when-
ever

alB +#0.
Thus, 3+1 provides instantaneous three-dimensional torque
authority for almost all wheel-field geometries, as illus-
trated in Figs. 2e and 2h. Only when 47B = 0, with the
wheel axis lying in the magnetic torque plane, does the
set become two-dimensional. Near this singular geome-
try, three-dimensional authority is retained but weakens in
the added direction. Unlike 3+0, which relies on tempo-
ral variation of the magnetic field for three-axis control,
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Figure 2: Achievable torque sets for the 3+0, 3+1, and 3+3 architectures with the instantaneous magnetic field direction
B shown. The first row shows the magnetorquer and reaction-wheel torque sets separately. The second row shows their
combined achievable torque sets at the initial magnetic-field orientation, and the third row shows the combined sets after the
magnetic-field orientation has changed. The combined torque set is the Minkowski sum of the individual actuator torque

sets.
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3+1 therefore provides direct three-axis authority almost
everywhere.

2.3 Disturbance Rejection
Torque generation only considers whether a desired torque
direction is available; disturbance rejection additionally
requires sufficient authority in that direction. For an external
disturbance 7,4, instantaneous rejection is possible if
-9 (B)
For a spacecraft expected to operate over arbitrary attitudes,
disturbances may act in any body-frame direction. A useful
measure of disturbance rejection is therefore the largest
torque magnitude that can be opposed in every direction.
For 3+0, the instantaneous torque set is planar and conse-
quently always contains an uncontrolled direction parallel
to B. Thus, no nonzero disturbance magnitude can be re-
jected in every direction instantaneously. The addition of
one reaction wheel removes this null direction for almost all
magnetic geometries, giving 3+1 finite three-dimensional
disturbance-rejection authority. However, as a,, approaches
perpendicularity with B, the combined torque volume be-
comes increasingly thin and the minimum available torque
over all directions decreases, approaching zero at the sin-
gular geometry 7B = 0. A nonsingular 3+3 wheel set,
in contrast, maintains finite torque authority in all three
dimensions independently of the magnetic-field direction.
Section 4 quantifies these disturbance-rejection margins rel-
ative to representative environmental torques and actuator
sizes.

2.4 Momentum Management

Reaction wheels accumulate momentum and must eventu-
ally be unloaded. Jgesa denotes the torque space where re-
action wheel and magnetorquer torque can cancel, enabling
desaturation of the wheels without torquing the satellite. It
is defined as

Tesn = T & (—T0) | 5)
where © denotes the Pontryagin difference. For 3+1, a
nonzero wheel-unloading torque can be cancelled exactly
by the magnetorquers only when the wheel axis lies in the
magnetic torque plane, i.e.,

a’B =0.
At all other instantaneous geometries, torque-free unloading
is not possible.
The simultaneous pointing and unloading problem can
be written directly as a combined desired torque Tre¢
Tret = Tp+ Tw,

with feasibility requiring

Tp+Tw € Tn(B(1)).

This is the same time-varying feasibility problem as 3+0
pointing: a desired torque must lie within the instantaneous
magnetic torque set, whose orientation changes with B(z).
For 3+1 desaturation, the desired magnetic torque simply
contains both the pointing and unloading objectives. Thus,
the geometric constraints governing 340 pointing reappear
in 3+1 as constraints on simultaneous pointing and momen-
tum unloading.

2.5 Geometric Summary

The geometric analysis predicts three key properties of
the 3+1 architecture. First, adding a single reaction wheel
expands the instantaneous torque set from a plane to a three-
dimensional volume for almost all magnetic geometries.
Second, disturbance rejection is similarly improved but
remains dependent on the relative wheel-field geometry,
with reduced authority near the singular configuration. Fi-
nally, momentum management emerges as the principal
limitation: simultaneous pointing and torque-free desatura-
tion reduce to the same time-varying magnetic feasibility
problem as classical 3+0 control. The following sections
test these predictions through closed-loop simulation and
mission-level evaluation.

3. Slewing Performance

3.1 Control and Allocation

Slewing performance is compared for the 3+0, 3+1, and
3+3 architectures using the common 6U spacecraft and
simulation environment summarized in Table 2. The same
high-level attitude controller is used in each case, so dif-
ferences in performance arise primarily from the available
actuator authority and its allocation. Purposefully-tuned
controllers for each architecture (especially 3+0) may have
small improvements in performance, especially at longer
time horizons. The shared controller is retained for compa-
rability.

Following the generalized actuator-allocation framework
of [23], the attitude controller first generates a reference
body torque 7. For a quaternion attitude objective, the
attitude error is formed from the current attitude g and
desired attitude g, as

~1
qe =94, ©4q,
and a proportional-derivative control law generates

Tp = _kp Sgn(@e,o) Qe,y — kq O,
where ¢, and ., are the scalar and vector components of
the error quaternion and , is the angular-rate error.

The allocator then maps the commanded body torque
to feasible magnetorquer and reaction-wheel commands.
Using the actuator mappings defined in Equation 2 & 3, the
instantaneous torque mapping is
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Table 2: Reference 6U estimator-in-the-loop Monte Carlo
setup. Each case uses 100 randomized runs; architecture,
allocator, and pointing-goal type are varied.

Spacecraft

Bus 6U, 12.0 kg

Inertia diag(0.13,0.10,0.05) kg m?

Actuators 3 body-axis MTQs; 0, 1, or 3 reaction wheels

0.6 Am? MTQ dipole; 2 mN m wheel torque;
15 mN m s capacity

Actuator limits

Environment and estimation

Orbit Circular, 400 km, i = 97°, period 5554 s

Disturbances Gravity-gradient, drag, SRP, and residual dipole

Estimator update 1 s; rotation-vector quaternion error representa-
tion

Sensors 3 gyros, 3 magnetometers, and 2 star trackers

Simulation and control

Time step At=1s

Duration One orbit, 5554 s by default

Monte Carlo 100 randomized runs per case

Gains ky = 29x1074, kg = 87x1073, k, =
1.0x 1073

Allocators LP and QP

Pointing goals Random quaternion and vector pointing

Architectures 340, 3+1, and 3+3

=B A, A 6@

G(B)
subject to the actuator bounds u < u < u. Two generalized
allocators are considered: A linear-programming allocator
(LP), and a quadratic-programming allocator (QP).
The linear-programming allocator preserves the direc-
tion of the requested torque and finds the largest feasible
magnitude in that direction:

max o
s.t. G(B)u= Qs 6)
u<uc<u,
0 <o <7,

where Tref = Tret/|| Tref||. The LP therefore returns either
the requested torque or the largest feasible scaled torque
parallel to it.

The quadratic-programming allocator instead minimizes
the Euclidean error between the requested and achievable
torque:

min  [|G(B)u — Trerl |5

" @)
st. u<u<u.

Unlike the LP, the QP may rotate the achieved torque

away from the requested direction when the command lies

LP and QP allocators: solution comparison

1.5 4 Tref
 J

QP

0.5 + TLP

Ty

[ Torque envelope
—

QP
= Tper direction

=15 == T T T T T T T
-15 -10 =05 0.0 0.5 1.0 1.5 2.0

Tx

Figure 3: LP

Figure 4: Geometric interpretation of generalized torque
allocation. The LP preserves the requested torque direction
and selects the largest feasible magnitude along that direc-
tion. The QP minimizes Euclidean torque error and may
therefore change the torque direction when the requested
torque lies outside the achievable set.

outside the achievable torque set. Figure 4 illustrates this
geometric distinction.

Both full-quaternion and vector-pointing objectives are
considered. The former specifies the complete spacecraft
attitude, whereas the latter only matches a body-fixed bore-
sight to an inertial direction and leaves rotation about that
direction unconstrained.

3.2 Pointing Performance

The disturbance-inclusive pointing results are shown in
Figure 5, while Figure 6 shows the clearest distinction: 3+0
does not consistently converge to the commanded pointing
objective, whereas both 3+1 and 3+3 rapidly reduce the
initial attitude error.

The final-error results show the same trend (Figure 5).
For vector pointing, median errors are 0.54° (LP) and 0.51°
(QP) for 3+1, compared with 86.39° and 79.31° for 3+0
and approximately 0.47° for 343. For quaternion pointing,
the corresponding medians are 0.74° and 0.68° for 3+1,
131.37° and 112.89° for 3+0, and approximately 0.61°
for 343. The architecture-level median trend is consistent
across both pointing objectives and both LP and QP allo-
cation, although the 3+1 cases retain occasional high-error
outliers.

These results support the geometric analysis of Sec-
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Figure 5: Disturbance-inclusive final vector and quaternion
pointing error for the 3+0, 3+1, and 3+3 architectures using
LP and QP allocation. Error bars denote the median and
10th-90th percentile range over 100 Monte Carlo runs.
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Figure 6: Disturbance-inclusive vector-pointing conver-
gence for the 3+0, 3+1, and 343 architectures. Lines denote
the median and shaded regions the 10th-90th percentile
range over 100 Monte Carlo runs.

tion 2.2: the first reaction wheel provides a qualitative
increase in instantaneous torque authority. For the cases
considered here, this moves 3+1 pointing performance sub-
stantially closer to 3+3 than to 3+0.

4. Disturbance Rejection

Disturbance rejection can be evaluated directly using the
LP allocator of Equation 6. For a disturbance torque 7, the
requested torque is simply set to

Tref = —Tq4- (8)

The disturbance is fully rejected when the allocator can
realize the complete requested torque, i.e.,
o = |[|zal - ©)
As shown in Section 2, the instantaneous authority of the
3+1 architecture is geometry-dependent and can become
singular. Consequently, no finite actuator sizing can guaran-
tee rejection of an arbitrary disturbance for all geometries.
We therefore characterize disturbance rejection statistically
over randomized disturbance and magnetic-field directions.
Figure 7 provides a first-order actuator-sizing map for
this trade. For several disturbance magnitudes 7,, the curves
show combinations of reaction-wheel torque and magne-
torquer dipole for which 90% of the sampled geometries
permit full disturbance rejection. The characteristic knee
of each curve identifies a balanced sizing region: increas-
ing either actuator substantially beyond this point provides
little additional benefit unless the other is also increased.
More generally, the architecture presents a trade between
disturbance magnitude and geometric coverage: larger dis-
turbances require greater actuator authority, while requiring
rejection over a larger fraction of attitudes and magnetic-
field directions further increases the required sizing. A
designer may therefore estimate 7; using a mission-specific
disturbance model and use the figure to select an appropriate
3+1 actuator combination. Representative flown actuator
combinations are included for comparison.

5. Momentum Management

As discussed in Section 2.4, momentum management is the
principal operational challenge of the 3+1 architecture. We
therefore consider two simple strategies that trade pointing
performance against momentum regulation. The first uses
explicit switching between pointing and desaturation modes,
while the second blends the two objectives continuously.

5.1 Mode-Switching Desaturation
The mode-switching strategy separates pointing and mo-
mentum management into two operating modes, as illus-
trated in Figure 8. During normal operation, the spacecraft
performs vector pointing using the LP allocator and the
reaction wheel is used without an explicit unloading objec-
tive. When the wheel momentum exceeds 0.75 hiy,x, the
controller enters a dedicated desaturation mode.

During desaturation, pointing is temporarily released and
the magnetorquers are used to reduce wheel momentum
while damping spacecraft rates. Let

N B
B=—1,
Bl o
A magnetic rate-damping term is combined with a wheel-
momentum dumping command and projected into the

o, =(I-BB")w.
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Figure 7: First-order 3+1 disturbance-rejection sizing trade-
off. Each curve gives combinations of reaction-wheel
torque and magnetorquer dipole that fully reject a distur-
bance of magnitude 7, for 90% of sampled disturbance and
magnetic-field directions. MTQ authority is evaluated at
|IB|| = 35 uT. Representative spacecraft actuator combina-
tions are shown where published values are available.
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Figure 8: Mode-switching momentum-management logic
for the 3+1 architecture. The spacecraft enters desaturation
mode at 75% wheel momentum capacity and returns to
pointing mode once the momentum is reduced below 25%.

achievable magnetic torque plane,

T:ef =—ky0, — (I - ﬁﬁT) kp (hrw - htarget) .

The corresponding actuators are obtained using the allo-
cators from Section 3. Because pointing is not maintained
during this mode, the available magnetic authority can be
devoted primarily to reducing wheel momentum and body
rates. Once the wheel momentum falls below 0.25 .y, the
controller returns to normal pointing mode.

Figure 9 shows the mode-switching strategy for the 6U
spacecraft using the configuration from Table 2, including
a representative pointing and desaturation time history to-
gether with the resulting Monte Carlo mode statistics. The
fraction of time spent in desaturation provides a direct mea-
sure of the operational cost of momentum management,
since this time is unavailable for useful pointing. The point-
ing uptime is initially low because the preceding slew drives
the reaction wheel toward saturation, requiring frequent de-
saturation early in the run. As the simulation progresses,
this transient effect diminishes and the uptime approaches
approximately 90%, with subsequent saturation driven pri-
marily by the accumulation of disturbance-induced momen-
tum.

5.2 Co-Allocation
Mode switching preserves pointing performance while in
the pointing mode, but requires dedicated desaturation inter-
vals during which useful pointing is lost. An alternative is
to unload the reaction wheel continuously while maintain-
ing attitude control, accepting some degradation in pointing
accuracy.

We implement this by blending the actuator commands
generated by the nominal pointing controller and the desat-
uration controller,

‘u: (I_Y)upoint+'}’l1desata OS VS L. (10)

The pointing command uiy is obtained from the same
LP allocation used in Equation 6, while ugegy is generated
using the momentum-dumping and rate-damping law of
Section 5.1.

Figure 10 shows the effect of varying 7y for the 6U space-
craft. At low values of 7, insufficient unloading causes the
wheel to saturate rapidly, degrading pointing performance.
At high values, excessive authority is devoted to desat-
uration, again increasing pointing error. Between these
extremes, a broad intermediate region maintains wheel
momentum while retaining high pointing accuracy. Co-
allocation therefore replaces the discrete pointing downtime
of mode switching with a tunable continuous trade between
pointing and momentum management.

6. Finite-Horizon Planning

The momentum-management strategies of Section 5 are
reactive: they respond to the instantaneous attitude error and
wheel state without considering how the magnetic control
geometry will evolve. A finite-horizon planner can instead
use this future information when selecting the attitude and
actuator trajectory.

We use a feasibility-aware trajectory planner [25] based
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Figure 9: Mode-switching momentum-management performance for the 6U spacecraft over 100 Monte Carlo simulations.
The bars show, as a function of time, the fraction of Monte Carlo runs operating in pointing and desaturation modes. The
line shows a single representative Monte Carlo run to illustrate the mode-switching behavior.

on the Augmented Lagrangian Trajectory Optimizer (AL-
TRO) [27]. The planner propagates a model of the space-
craft, orbit, and geomagnetic field over a finite horizon
and optimizes the complete actuator trajectory subject to
the spacecraft dynamics and actuator constraints. Point-
ing error, reaction-wheel momentum, and control effort are
included simultaneously in the objective. The resulting tra-
jectory can therefore sacrifice locally optimal pointing or
actuation when doing so improves future magnetic authority
or reduces wheel momentum. This foresight comes at the
cost of substantially greater onboard computation than the
reactive methods considered above.

Figure 11 compares the wheel momentum deposited dur-
ing a representative slew. Mode switching and co-allocation
leave approximately 6.98 and 5.05 mNms of peak mo-
mentum change, respectively, whereas the feasibility-aware
planner reduces this to 0.54 mNms. Rather than correct-

ing momentum accumulation after it occurs, the planner
selects a slew trajectory that avoids depositing most of the
momentum in the first place.

The resulting pointing—-momentum trade is shown in Fig-
ure 12. Reactive mode switching and the co-allocation
sweep expose the expected compromise between final point-
ing accuracy and remaining wheel momentum. The planner
moves the solution toward the lower-left region of this trade
space, simultaneously achieving low pointing error and low
stored momentum.

7. Mission Capability and Uptime

7.1 BeaverCube II Case Study

To evaluate the 3+1 architecture in a representative mission
scenario, we consider BeaverCube II, a 3U CubeSat requir-
ing ground-station tracking [28]. Relevant spacecraft and
mission parameters are given in Table 3. Unlike inertial
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Figure 10: Co-allocation performance for the 6U spacecraft
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Figure 11: Peak reaction-wheel momentum deposited dur-
ing a representative 6U slew for reactive mode switching,
continuous co-allocation with Y = 0.5, and feasibility-aware
finite-horizon planning. The planner substantially reduces
momentum accumulation by accounting for future actuator
and magnetic-field geometry when constructing the slew.

pointing, this task requires continuous tracking of a moving
ground target throughout the pass.

Using 3+1 with LP allocation, the spacecraft success-
fully acquires the ground station from randomized initial
attitudes and tracks it through the pass (Figure 13). The
median pointing error falls below the 5° connection require-

10
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Figure 12: Pointing—momentum trade-off for the 6U space-
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feasibility-aware planner. The planner achieves both low
final pointing error and low reaction-wheel momentum by
optimizing the maneuver over a finite horizon.
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ment shortly after acquisition. Across the 100 Monte Carlo
runs, the median usable contact time is 10.12 min, with a
10-90 percentile range of 7.25-11.33 min, compared with a
geometric maximum of 11.33 min, demonstrating effective
mission-level tracking with the 3+1 architecture.

7.2 Uptime Performance

The preceding sections establish that 3+1 can achieve use-
ful pointing with LP allocation, but sustained mission per-
formance depends on how reaction-wheel momentum is
managed. We therefore combine the 6U pointing results
with the momentum accumulation and desaturation behav-
ior of the mode-switching, co-allocation, and finite-horizon
planning strategies.

Figure 14 shows the fraction of time spent within 5° and
1° of the commanded pointing direction. At the 5° level,
co-allocation outperforms reactive mode switching. By con-
tinuously unloading the wheel, it reduces the frequency of
large momentum excursions and therefore avoids some of
the explicit pointing downtime associated with mode switch-
ing. The trade reverses for fine pointing: mode switching
spends more time within 1°, since pointing and desatura-
tion are separated rather than simultaneously competing
for actuator authority. The planner provides the highest
5° availability and comparable fine-pointing performance,
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Table 3: BeaverCube II controller-in-the-loop evaluates a
3-MTQ, 1-reaction-wheel spacecraft during a simulated
ground-station pass.

Spacecraft
Bus BeaverCube 11, 4 kg
0.03136 0.00006  —0.00671
Inertia 0.00006 0.03409  —0.00012 | kg m?
—0.00671 —0.00012  0.01004
Actuators Three orthogonal MTQs and one +Z reaction
wheel
Limits 0.2 Am? MTQ dipole; 2.3 mN m wheel torque;
3.6 mN m s capacity
Boresight +3
Environment and simulation
Orbit Circular, 635 km altitude

Disturbances Gravity-gradient, drag, and solar-radiation pres-
sure

Ground pass Boston, 42.36° N, 71.06° W

Time step At=2s

Duration 1000 s horizon-to-horizon pass

Monte Carlo 100 randomized runs

Control

Controller LP MTQ-reaction-wheel co-allocation

Gains ky=50x1075,k; =2.0x 1073

Pointing Ground-station line-of-sight tracking with 5°

link criterion

although its 1° result is slightly below the reactive case.

The distinction becomes more pronounced as slew de-
mand increases. Figure 15 estimates daily pointing avail-
ability using the measured momentum deposited per slew
together with the corresponding desaturation burden. Reac-
tive mode switching degrades first as repeated slews drive
increasingly frequent desaturation episodes. Co-allocation
extends the useful operating range by reducing momentum
accumulation, but eventually also loses pointing availability
as slew demand rises. The planner remains substantially
less sensitive because it shapes each maneuver to limit mo-
mentum buildup before desaturation is required.

These results highlight that the principal benefit of im-
proved momentum management is not necessarily lower
instantaneous pointing error, but greater mission availabil-
ity. Mode switching favors fine-pointing quality at the cost
of explicit downtime, co-allocation trades some accuracy
for fewer desaturation interruptions, and finite-horizon plan-
ning achieves the highest overall uptime by reducing the
momentum burden at its source.

8. Discussion

The results consistently show that the transition from 3+0
to 3+1 is qualitatively more important than the actuator
count alone suggests. The geometric analysis of Section 2
shows that adding a single reaction wheel expands the in-
stantaneous torque set from a plane to a three-dimensional
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Figure 13: BeaverCube II ground-station tracking with
3+1 and LP allocation. Top: median pointing error with
the 10-90 percentile band relative to the 5° connection
limit. Bottom: histogram of usable contact time across 100
Monte Carlo runs; the median is 10.12 min and the 10-90
percentile range is 7.25-11.33 min.

volume for almost all magnetic geometries (Figure 2). The
closed-loop results of Section 3 confirm the practical conse-
quence: 3+1 pointing performance lies much closer to 3+3
than to 3+0 across both vector and quaternion objectives
(Figure 5).

This improvement does not remove the geometry depen-
dence of magnetic actuation. The disturbance-rejection
sizing map of Figure 7 shows that useful 3+1 performance
depends on the balance between reaction-wheel torque and
magnetorquer authority, with diminishing benefit from over-
sizing either actuator independently. Together with the
SWaP-C comparison of Table 1, this defines the main hard-
ware trade: 3+1 can recover much of the control capability
of 3+3 while retaining a substantially reduced wheel com-
plement.

The principal limitation is reaction-wheel momentum
management. As predicted by Section 2.4, arbitrary point-
ing and torque-free unloading are generally incompatible.
The mode-switching, co-allocation, and finite-horizon ap-
proaches of Sections 5 and 6 therefore trade pointing accu-
racy, downtime, momentum regulation, and computational
complexity. The resulting mission-level availability trends
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Figure 14: Fraction of 6U simulation time spent within
5° and 1° of the commanded pointing direction for reac-
tive mode switching, co-allocation with ¥ = 0.5, and the
feasibility-aware planner. Co-allocation improves coarse-
pointing availability by reducing explicit desaturation down-
time, while mode switching retains better fine-pointing ac-
curacy.

in Figs. 14 and 15 indicate that momentum management,
rather than nominal pointing authority, is the main opera-
tional constraint on 3+1.

These results suggest that 3+1 is most attractive for
SWaP-C-constrained missions that require substantially
greater pointing capability than 3+0, but can tolerate
geometry-dependent authority and active momentum man-
agement. Missions requiring uninterrupted high-precision
three-axis control or frequent aggressive slewing remain
better suited to conventional multiwheel architectures.

9. Conclusion

This paper evaluates the 3+1 actuator architecture as an in-
termediate option between magnetorquer-only and conven-
tional multiwheel attitude control. The addition of a single
reaction wheel fundamentally changes the available con-
trol geometry, providing three-dimensional instantaneous
torque authority for almost all magnetic-field orientations.
Under the conditions studied, this moves 3+1 pointing per-
formance substantially closer to 3+3 than to 3+0.

The remaining limitation is not nominal pointing capa-
bility, but the finite momentum capacity of the single wheel.
Disturbance rejection therefore depends on balanced ac-
tuator sizing, while sustained operation requires explicit
momentum-management strategies. Reactive mode switch-
ing, continuous co-allocation, and finite-horizon planning
provide progressively different trade-offs between pointing
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Figure 15: Estimated 6U operational uptime as a func-
tion of repeated-slew demand. Top: fraction of the day
spent within 5° pointing. Bottom: expected number of
desaturation-mode episodes per day. Reactive mode switch-
ing and co-allocation lose availability as slew demand in-
creases, whereas finite-horizon planning remains effective
over a much broader operating range by limiting wheel-
momentum accumulation during each slew.

accuracy, availability, momentum regulation, and computa-
tional cost.

Overall, 3+1 should not be viewed as a replacement
for 3+3, but as a distinct intermediate architecture. For
missions whose pointing and availability requirements are
compatible with active momentum management, one reac-
tion wheel can recover a disproportionate fraction of the
capability of a full wheel set while preserving much of the
hardware simplicity of magnetic actuation.
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